Journal of the Mechanics and Physics of Solids 61 (2013) 597–610

Contents lists available at SciVerse ScienceDirect

Journal of the Mechanics and Physics of Solids
journal homepage: www.elsevier.com/locate/jmps

Adhesion of nanoscale asperities with power-law proﬁles
David S. Grierson a,1, Jingjing Liu a,2, Robert W. Carpick b, Kevin T. Turner a,b,n
a
b

Department of Mechanical Engineering, University of Wisconsin, Madison, WI 53706, United States
Department of Mechanical Engineering and Applied Mechanics, University of Pennsylvania, Philadelphia, PA 19104, United States

a r t i c l e i n f o

abstract

Article history:
Received 16 April 2012
Received in revised form
30 August 2012
Accepted 3 September 2012
Available online 17 September 2012

The behavior of single-asperity micro- and nanoscale contacts in which adhesion is
present is important for the performance of many small-scale mechanical systems and
processes, such as atomic force microscopy (AFM). When analyzing such problems, the
bodies in contact are often assumed to have paraboloidal shapes, thus allowing the
application of the familiar Johnson–Kendall–Roberts (JKR), Derjaguin–Müller–Toporov
(DMT), or Maugis–Dugdale (M–D) adhesive contact models. However, in many situations the asperities do not have paraboloidal shapes and, instead, have geometries that
may be better described by a power-law function. An M–D-n analytical model has
recently been developed to extend the M–D model to asperities with power-law
proﬁles. We use a combination of M–D-n analytical modeling, ﬁnite element (FE)
analysis, and experimental measurements to investigate the behavior of nanoscale
adhesive contacts with non-paraboloidal geometries. Speciﬁcally, we examine the
relationship between pull-off force, work of adhesion, and range of adhesion for
asperities with power-law-shaped geometries. FE analysis is used to validate the M–
D-n model and examine the effect of the shape of the adhesive interaction potential on
the pull-off force. In the experiments, the extended M–D model is applied to analyze
pull-off force measurements made on nanoscale tips that are engineered via gradual
wear to have power-law shapes. The experimental and modeling results demonstrate
that the range of the adhesive interaction is a crucial parameter when quantifying the
adhesion of non-paraboloidal tips, quite different than the familiar paraboloidal case.
The application of the M–D-n model to the experimental results yields an unusually
large adhesion range of 4–5 nm, a ﬁnding we attribute to either the presence of longrange van der Waals forces or deviations from continuum theory due to atomic-scale
roughness of the tips. Finally, an adhesion map to aid in analysis of pull-off force
measurements of non-paraboloidal tips is presented. The map delineates the cases in
which a simpliﬁed rigid analysis can be used to analyze experimental data.
& 2012 Elsevier Ltd. All rights reserved.
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1. Introduction
Adhesive forces that act between bodies in contact play a crucial role in determining the behavior of small-scale
mechanical systems that have high surface-area-to-volume ratios. For example, the performance of tools designed to
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Fig. 1. TEM images showing the evolution of a DLC-coated Si AFM tip (tip A) and a Si AFM tip (tip B) due to scanning via AFM across a ﬂat DLC surface.
The scanning distance each tip was subjected to is equal to the scan number multiplied by 5.12 mm.

image and manipulate matter at the nanoscale through probing with a tip, such as atomic force microscopy (AFM),
depends critically on the adhesion and friction between the tip and sample. The increased use of tip-based probes in
demanding applications, including nanomechanical data storage (Gotsmann and Lantz, 2008; Wiesmann et al., 2009),
nanomanufacturing (Gozen and Ozdoganlar, 2010; Malshe et al., 2010), high-rate imaging (Lee et al., 2012), and
nanometrology (Ukraintsev and Banke, 2010), has led to a critical need to better characterize and understand the
adhesion behavior of nanoscale tip-sample contacts. Tip-based metrology and manufacturing techniques rely on
controlled nanoscale tip-sample contacts, and characterizing the geometries and adhesion properties of these contacts
is essential for understanding their performance. For example, adhesive forces alone can cause signiﬁcant local stresses in
AFM tips that can lead to substantial wear and tip degradation (Liu et al., 2010a, 2010b).
An AFM tip in contact with a sample is typically viewed as a paraboloid in contact with a ﬂat surface. With this
assumption, the behavior of the tip-sample contact can be examined using adhesive contact theories, such as DMT
(Derjaguin et al., 1975) and JKR (Johnson et al., 1971), which extend the Hertzian contact model to include adhesion. These
models are routinely used to extract adhesion energies from pull-off force measurements conducted with AFM and to
analyze stresses and deformation in tip-sample contacts. However, AFM tips are often not paraboloidal in shape and may
have more complex geometries as a result of the fabrication method used to make the tip or due to wear that occurs during
use. In particular, tips often have slightly ﬂattened apexes, meaning that their geometry may be better described by a
power-law function with an exponent greater than two. Fig. 1 shows examples of AFM tips that exhibit ﬂattened tip
geometries as a result of being scanned across a surface under typical imaging conditions. Understanding the behavior of
contacts between power-law shaped bodies has received relatively little attention, thus most adhesive contacts in AFM are
analyzed assuming a paraboloidal-shaped tip.
The objective of this paper is to investigate the behavior of tip-sample adhesive contacts in which the tip geometry is
described by a power-law function. The aim is to provide guidance for analyzing power-law-shaped adhesive contacts and
to highlight key differences between power-law-shaped tips and paraboloidal tips. The mechanics of the contacts are
examined using an established analytical model for the adhesion of power-law-shaped asperities, referred to as the M–D-n
model, as well as ﬁnite element analysis with traction-separation elements at the interface. The M–D-n model assumes a
Dugdale traction law, while the ﬁnite element analysis is used to investigate the impact of alternate forms of the adhesion
potential. Experimentally, a series of AFM pull-off force measurements was performed on tips that evolve from
paraboloidal shapes to power-law shapes due to wear (Fig. 1). The M–D-n model is used to analyze the experimental
measurements, and limitations and challenges of analyzing power-law-shaped tips are identiﬁed.
2. Background
Parameters of particular importance in characterizing tip-based contacts are the size and shape of tip, the elastic
properties of the tip and sample, and the adhesion present at the tip-sample interface. The geometries of tips used in
atomic force microscopy (AFM) can be characterized using several direct and/or indirect imaging approaches. Scanning
electron microscopy (SEM) and transmission electron microscopy (TEM) imaging, for example, can provide a direct image
of the tip. The tip geometry can also be determined indirectly by imaging a tip-characterization sample and subsequently
analyzing the resulting images using statistical or deconvolution algorithms (Bloo et al., 1999; Chung and Kim, 2003, 2007;
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Gotsmann and Lantz, 2008; Katsuki et al., 2002; Larsen et al., 2002; Liu et al., 2010b; Maw et al., 2002; Villarrubia, 1997).
To quantify the interfacial adhesion between the tip and the sample, measurements of the maximum adhesive force
required to separate the tip-sample junction (denoted the pull-off force) are often taken. Pull-off force measurements are
conducted in a wide variety of settings in order gain an understanding of the interaction forces that control the mechanical
responses of natural and engineered interfaces at the nanoscale. The measurements of tip geometry and pull-off force,
along with the elastic properties of the tip and sample, can be used in an appropriate contact mechanics model to calculate
the adhesive properties of the tip-sample interface. In these measurements, the adhesion is typically described by a single
value: the work of adhesion. Of course, the validity of the calculated adhesion is highly dependent on the degree to which
the experimental situation matches the assumptions in the theoretical model used to examine the mechanics.
There is extensive published work describing continuum adhesive contact mechanics models. Previous work has largely
been focused on quantifying adhesion between smooth paraboloidal tips and smooth surfaces. The non-adhesive contact
mechanics analysis of Hertz was extended to include adhesion by Johnson, Kendall, and Roberts (JKR) (Johnson et al., 1971)
and Derjaguin, Müller, and Toporov (DMT) (Derjaguin et al., 1975); both groups separately derived distinct expressions
relating the work of adhesion to the pull-off force and the radius of curvature of a paraboloidal tip in adhesive contact with
a surface. The JKR approach is generally more appropriate when the surface forces act over a short range, and the
contacting bodies are larger and compliant. In contrast, the DMT model is generally better suited for cases in which the
surfaces forces are long-range, and the contacting bodies are smaller and stiffer. The Maugis–Dugdale (M–D) model uniﬁed
the theories of JKR and DMT and quantitatively describes the transition between the two. Maugis demonstrated the
transition by considering the adhesive interaction to be described by a simple Dugdale (i.e., square-well) potential, which
is deﬁned in terms of two parameters: the work of adhesion and either the strength or range of adhesion (Maugis, 1992).
The non-dimensional Maguis parameter can be used to quantify the transition from the JKR limit to the DMT limit (Maugis,
1992). In addition to paraboloidal tip shapes, analytical adhesive contact models for spherical tips (Greenwood, 2009;
Maugis, 1995; Yao et al., 2007) and ﬂat-ended indenters (Gao and Yao, 2004; Persson, 2003; Tian and Chung-Yuen, 2005)
have also been reported. Contacting bodies with a geometry described by a power-law function have been considered
using a JKR-like model (Carpick et al., 1996a, 1996b) and recently using a Maugis–Dugdale model (Zheng and Yu, 2007).
Zheng and Yu (2007) provide a model for DMT-like to JKR-like adhesion behavior for power-law-shaped tips (referred to as
the M–D-n model) that is used extensively in the present work.
These adhesive contact-mechanics models have been used to calculate the work of adhesion between tips and samples
from pull-off forces measured using AFM in a number of experimental studies (Cho et al., 2004; Drelich et al., 2004;
Giesbers et al., 2002; Grierson et al., 2005; Han et al., 2009; Jacquot and Takadoum, 2001; Jallo et al.,; Liu et al., 2005,
2010b; Singh and Whitten, 2008; Stiess et al., 2004; Sumant et al., 2005; Tormoen et al., 2004). Common practice is to use
the DMT, JKR or M–D solutions to calculate the work of adhesion using the measured force and the tip radius determined
by ﬁtting the shape of the tip to a paraboloid. This approach is limited by the constraint that the tip is a smooth paraboloid,
and results can vary signiﬁcantly if the tip’s shape is either initially non-paraboloidal, exhibits appreciable roughness,
or, during use, changes from the assumed paraboloidal form due to wear or plastic deformation. The recently developed
M–D-n model has the potential to accommodate a wider range of experimental tip geometries. However, this model has
not yet been applied to experimental data, and systematic experimental measurements of adhesion of power-law shapes
tips have not been reported.

3. Experimental and analytical methods
3.1. Analytical M–D-n model
A broad range of AFM tip shapes can be described by a power-law function that deﬁnes the tip proﬁle, z(r), as
zðrÞ ¼

rn
,
nQ

ð1Þ

where r is the radial coordinate, n is the power index, and Q is a parameter related to the curvature of the tip. When n ¼2,
for example, the power-law function describes a paraboloid with radius R, and Q¼R. Here we elect to deﬁne Q as Sn  2Rn  1
to simplify subsequent discussions without loss of generality. With this change, R has units of length regardless of the
index n, S is a non-dimensional parameter that describes the steepness of the power-law proﬁle, and Eq. (1) becomes
zðrÞ ¼

rn
n2 n1

nS

R

:

ð2Þ

In the case of n¼ 2 (i.e., a paraboloid), the value of S has no effect on the function.
Zheng and Yu (2007) present a Maugis–Dugdale type adhesive model that examines the adhesive, frictionless contact of
elastic bodies with power-law shapes with any power index n across the DMT-like to JKR-like range of adhesive behavior
(subsequently referred to as the M–D-n model). A Dugdale adhesive traction-separation law assumes that the adhesive
stress, s0, is constant over a separation range from 0 to h (henceforth referred to as the adhesion range). The product of the
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adhesive stress and adhesion range is equal to the work of adhesion, WA:
W A ¼ s0 h:

ð3Þ

The M–D-n equations given by Zheng and Yu (2007) can be solved numerically to determine the contact radius, a, and
displacement, d, based on the applied load, P, and work of adhesion for a power-law tip with deﬁned geometry and elastic
properties. Non-dimensional forms of a, d, and P are
a
,
ð4Þ
a~ 
1
ðQ 2 W A En Þ1=ð2n1Þ

d~ 
P~ 

d
ðQ W A n En Þ1=ð2n1Þ
n

,

P
n2

pðQ 3 W A n þ 1 En Þ1=ð2n1Þ

ð5Þ

,

ð6Þ

where En is the reduced elastic modulus:
1n21 1n22
1
þ
:
n ¼
E1
E2
E

ð7Þ

A generalized transition parameter L (analogous to the familiar Maugis parameter, l, Maugis, 1992) that characterizes
the degree of deformation due to adhesion and describes the transition from JKR-like to DMT-like behavior for power-lawshaped elastic bodies in contact is deﬁned as (Zheng and Yu, 2007)
n

L ¼ s0 ðQ W A 1n En Þ1=ð2n1Þ :

ð8Þ

The non-dimensional displacement and load are related to the adhesive properties, contact radius, and tip shape and
elastic properties by (Zheng and Yu, 2007)


pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
n 1
d~ ¼ B , a~ n 2La~ m2 1,
ð9Þ
2
2 2


pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
n
1 nþ1 2
2
þ 1,
a~
 La~ ðm2 arcsecðmÞ þ m2 1Þ,
P~ ¼ B
2
p 2
p

ð10Þ

where B is the Euler beta function (Frank et al., 2010), and the parameter m is the radial distance over which the adhesive
stresses act on the body divided by the contact radius. To solve the adhesive contact problem, the Grifﬁth criterion G ¼WA
must be satisﬁed, where G is the strain energy release rate. Imposing this condition results in the following dimensionless
equation (Zheng and Yu, 2007):
 





pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
nþ1 1
n
n 1
4
~
,
 B
,
arcsecðmÞ þ L2 að
m2 1 arcsecðmÞ þ 1mÞ ¼ 1,
La~ n mn 1Im2
ð11Þ
n
2 2
p 2 2
p
where Ix is the regularized beta function (Frank et al., 2010). Eq. (11) is essentially used to determine the value of the
parameter m. Therefore to determine a, d, and P for an experimental AFM measurement, the following steps are required.
First, the values for En, n, Q, WA, and s0 (or h) that describe the elastic, geometric, and adhesive properties, respectively, of
the tip-sample junction are selected. While Q and n, can be determined experimentally, and values for En are available
using reference values, WA and s0 (or, equivalently, h) are simply not known a priori, and thus assumed values must be
used. Second, Eq. (8) is used to calculate the transition parameter L. Third, the value of m that satisﬁes Eq. (11) is solved
numerically as a function of a~ , where a~ is systematically varied over a physically reasonable range. Fourth, P~ and d~ are
calculated from the calculated m and a~ values using Eqs. (9) and (10), respectively. Lastly, Eqs. (4)–(6) are used to
determine a, d, and P. The force required to separate the power-law-shaped tip from a ﬂat surface (i.e., the pull-off force, FP)
is taken as the maximum value of P achieved during pull-off. If, conversely, the pull-off force is known and the work of
adhesion is the parameter of interest, then one must use the above procedure to iterate over a range of WA until the
measured pull-off force is determined.
3.2. Analysis of rigid power-law-shaped tips
DMT contact mechanics is frequently used to calculate the work of adhesion from FP values that are experimentally
measured for a wide range of tip-sample contact pairs that can be described as paraboloids (e.g., Cho et al., 2004; Giesbers
et al., 2002; Han et al., 2009; Jacquot and Takadoum, 2001; Jallo et al.,; Singh and Whitten, 2008; Stiess et al., 2004;
Tormoen et al., 2004). If a Dugdale interaction potential between a paraboloidal tip and a ﬂat surface is considered, the
DMT relation of FP-DMT ¼2pWAR can be obtained by treating both the tip and sample as being rigid and simply integrating
the adhesive stresses over the surface of the tip. This treatment of the contacting bodies as being rigid to obtain FP ¼2pWAR
is often referred to as the ‘‘Bradley limit’’ (Greenwood, 1997). For tip-sample contacts that experience a small amount of
deformation due to adhesion (e.g., paraboloidal tip-sample contacts with a Maugis parameter o  0.1), the expression
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relating FP to WA, can be determined for any form of interaction potential by integrating the adhesives stresses over the
surface of the tip. This approach is considerably simpler than the M–D-n model described above and is useful and essential
for analyzing experimental data in certain situations. The pull-off force calculated via this rigid approximation is denoted
as FP  r.
For a power-law-shaped tip with a Dugdale adhesive traction law, the pull-off force determined from the rigid
approximation is
F pr

Dug

¼

WA
pðnhQ Þ2=n :
h

ð12Þ

When n ¼2, and taking Q¼Rn-1 (i.e., S¼ 1), Eq. (12) reduces to the DMT pull-off force. Note that for paraboloid tips, n ¼2,
the pull-off force is independent of h, but for proﬁles described by larger power indices, n 42, the pull-off force is a
function of h. Thus, for n ¼2 tips, WA alone deﬁnes the adhesion when determining the pull-off force, while for tips with
2na2 both WA and h are needed to deﬁne the interaction potential when calculating the pull-off force. In Section 4, the
dependence of FP on both WA and h is explored using both the rigid approximation and a ﬁnite element (FE) approach for
several cases: a Dugdale potential, a Lennard–Jones potential, and two triangular potentials. The FE results are used to
establish the range of validity of this rigid approximation.
3.3. Finite element analysis
To simulate frictionless contact between an elastic tip and a ﬂat surface in the presence of adhesion described by
various interaction potentials, a 2-D axisymmetric FE model was used. The proﬁle of the tip was deﬁned by a power-law
function, and the tip geometry was meshed using 2-D 8-node axisymmetric elements. The exact number of elements in the
tip varied as the geometry of tip was changed in the study, however all models had more than 7566 elements in the tip.
The selected mesh density was determined via a convergence study. For all simulation results presented here, elastic
constants E ¼150 GPa and n ¼0.3, which are representative of the properties of stiff AFM tips made of silicon (Si) or
diamond-like carbon, were used. The ﬂat surface was modeled as a frictionless and rigid plane. Thus, the En for all the FE
calculations is 164.8 GPa. A rigid counter surface was used to simplify the model and reduce computation time, however
the results here would also apply to two elastic bodies in contact that have the same En. The analytical model in Section 3.1
can be used to assess the effect of varying En. The adhesive tractions between the surface and the tip were represented
using nonlinear spring elements. The spring elements were connected between the nodes on the surface of the tip and
nodes ﬁxed below the rigid plane and only provided a force in the direction normal to the surface. The effective width (i.e.,
spacing) of the spring-based traction-separation elements at the interface varied from 0.2 to 0.35 nm across the different
cases examined; the number of elements depends on the width of the particular model. The element width at the interface
was determined through a convergence study. To model a speciﬁc interaction potential using the spring elements, the
exact traction-separation relationship of interest was set for each nonlinear spring. The power-law-shaped tips were
separated from the rigid plane in displacement control in order to avoid any snap-off instabilities, and FP was measured as
the maximum adhesive load experienced by the tip during the pull-off process. The nodes and elements that comprised
the FE model were generated using a custom script written in Matlab, and the simulations were carried out with the
commercial software package Abaqus (Dassault Syste mes, Vélizy-Villacoublay, France).
3.4. Experimental
Two different AFM probes were used in experiments: (1) a single-crystalline Si AFM probe with an integrated etched Si
tip (Nanosensors, Neuchatel, Switzerland, type: NCHR), (2) an identical silicon probe coated with a thin diamond-like
carbon (DLC) ﬁlm. The uncoated Si tips were initially scanned across ultrananocrystalline diamond surfaces (Advanced
Diamond Technologies, Romeoville, IL), which are hard, randomly rough surfaces with a typical surface roughness of
9 nm r.m.s. over a 1  1 mm2 area, to intentionally wear the extremely sharp Si tips (initial radius o5 nm) into smooth,
paraboloidal tips with a radius of  10 nm. The slight blunting of the tip helps to avoid tip fracture during testing. One preshaped Si tip was coated with  20 nm of DLC using a plasma immersion ion implantation and deposition (PIIID) technique
with an acetylene plasma at a pressure of 12 mTorr and a 5 kV applied bias (Bares et al., 2007). The DLC-coated tip had an
average radius of curvature of 30 nm73 nm.
After the AFM tips were prepared as described above, the geometries of both the Si and DLC tips were systematically
changed through wear experiments in which the tips were raster scanned in contact mode across a DLC surface (roughness
1 nm r.m.s., also grown using the same PIIID method) using a Veeco Multimode AFM. A total of 100 5  5 mm2 contactmode images were acquired with 512 scan lines per image. Each image corresponds to a linear scan distance of 5.12 mm,
leading to a total scan distance of 512 mm. All scans were performed at a speed of 29.7 mm/sec, with zero externally
applied load (i.e., zero cantilever deﬂection), and in a controlled environment with a relative humidity (RH) of 13% and a N2
background. At certain scan intervals, the tip geometries were characterized using two techniques – inverse AFM imaging
and direct imaging using TEM (Liu et al., 2010b). Inverse imaging by scanning the AFM tips across a Nioprobes (Aurora
NanoDevices Inc., Nanaimo, BC Canada) surface, which consists of many small high aspect ratio features, was done to
assess the 3D geometries of the apexes of the tips based on convolution/deconvolution theory (Villarrubia, 1997). A TEM
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(JEOL 100CX) was used to acquire side-view images of the tips, with the tips being viewed in the direction perpendicular to
the long axis of the AFM cantilever. The pull-off force, FP, between each tip and the sample surface was measured after
various scan distances during the test. The pull-off force was taken to be the maximum adhesive force experienced during
retraction, and is calculated as FP ¼kD, where k is the stiffness of the AFM cantilever, and D is the maximum cantilever
deﬂection measured during retraction. This maximum deﬂection is reached just as a pull-off instability occurs. It is
universally observed that pull-off occurs at or near the maximum adhesive force since the typical stiffness of the
cantilevers used here, and in most contact-mode AFM experiments, are small ( o1 N/m) compared to the slope of typical
tip-sample interaction potentials shortly beyond their minimum value (Bhushan, 2004). In fact, with relatively stiff
cantilevers, the pull-off instability occurs after the maximum adhesive force is reached during retraction (i.e., at a lower
force value than the maximum adhesive force). That behavior is not observed in our experiments. Thus, the pull-off force
obtained in our experiments is indistinguishable from the maximum adhesive force obtained from either the ﬁnite
element analysis or the analytical model. The stiffness of each cantilever was calibrated using a reference lever of known
stiffness (Tortonese and Kirk, 1997).
4. Results and discussion
4.1. Experimental results and analysis
TEM images of two AFM tips, one DLC-coated Si (tip A) and one Si (tip B), that were collected at various intervals over
the 512 mm wear scans are shown in Fig. 1. The lighter contrast layer on tip A is the amorphous DLC coating; the lighter
contrast thin layer on tip B is a native oxide (SiOx). Both tips demonstrate gradual wear and ﬂattening at the tip apexes
over the course of the wear tests. Since the DLC counter surface is extremely smooth (RMS roughness  1 nm), both tip
apexes become ﬂattened due to wear. The tip shapes evolved into geometries that are well described by power-law
functions with higher-order indices (n ¼4–6). This gradual engineering of the tip shape due to the wear process allows us
to investigate the adhesion mechanics of tips with shapes that are more complicated than the conventional paraboloidal
shape. As shown in the upper row of Fig. 1, wear of tip A only occurs in the DLC coating, which means that the contact
interface for tip A remains self-mated throughout the duration of the wear test. The ﬂattening of the tip apexes of both tips
are apparent in the AFM images shown in Fig. 2 when comparing the Nioprobe images taken at scan 0 and scan 100. An
AFM topography image of a surface is the convolution of the tip shape with the topography of the surface. Since the
Nioprobe surface is composed of randomly arranged sharp spikes (spike radiio5 nm), the AFM image of a Nioprobe
sample essentially depicts multiple inverse images of end of the AFM tip. The qualitative observations of the AFM images
agree well with the TEM imaging results: tips A and B, which have different initial radii (with tip B initially sharper than
tip A), become ﬂattened due to the wear process.
As TEM imaging only allows a 2D projection of the tip to be obtained, a key use of Nioprobe images is to assess the 3D
shape of the tip apex. The features in the Nioprobe AFM images of Fig. 2a and c resemble paraboloids, and the elevated
features in Fig. 2b and d resemble circular plateaus. The fact that these features appear circular across all images suggests
that the apices of the AFM tips were largely axisymmetric initially and maintained axial symmetry over the course of the
wear tests. The observed axisymmetry of the features is not surprising given the nominal conical geometries of etched
AFM tips. Thus, the images of Fig. 2a and c suggest that the tips’ 3D shapes can be treated as axisymmetric versions of the
2D projections determined via TEM. Finally, we note that tip axisymmetry as wear occurs has also been demonstrated via
blind tip reconstruction in previous AFM wear tests (Liu et al., 2010b).
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Fig. 2. AFM images of a Nioprobes tip-characterization sample scanned by tip A and tip B before and after acquiring 100 5  5 mm2 contact-mode
images on a ﬂat DLC surface.
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The proﬁles of the AFM tips were extracted from the TEM images, and those proﬁles were then ﬁt using the general
power-law function (Eq. (1)) in a least-squares fashion up to a tip height of 6 nm (Fig. 3a and c). As shown in Fig. 3a and c,
both tips evolved from initial paraboloids to shapes that can be described by power-law functions with higher indices
(n¼ 3–6). The power-law ﬁts have excellent agreement with the TEM measured proﬁles for both tips, with ﬁtting errors
less than 2%. For the subsequent analysis, the power-law ﬁts were taken to be accurate representations of the tips’
geometries, an idealization which excludes the local texture (i.e., roughness) of the tips (Luan and Robbins, 2005; Mo et al.,
2009), but represents their overall shapes with a resolution of  0.5 nm.
The parameters n and Q obtained from the ﬁts, as well as measured pull-off forces and known values for En (based on
the elastic properties of both the tip and substrate), were used to numerically solve for work of adhesion, WA, as a function
of the assumed adhesion interaction range, h, using the M–D-n Eqs. (4)–(11) (Fig. 3b and d). As shown by the solid lines in
Fig. 3b and d, the calculated results for the work of adhesion for both paraboloidal (i.e., initial) tip shapes are nearly
independent of adhesion range, even down to a small adhesion range of h¼0.3 nm, with only a slight increase noticeable
with ho0.5 nm. For the DLC tip, the work of adhesion is 46.7 71.5 mJ/m2; for the Si tip, the work of adhesion is
79.8 73.4 mJ/m2. These values are consistent with the DMT model, namely WA ¼FP/2pR. A simple calculation of the Maugis
parameter, m, (Maugis, 1992) conﬁrms that the DMT model is the appropriate choice for quantifying the work of adhesion
for these paraboloidal tips if h Z0.3 nm (m o0.1 for both DLC-DLC and Si-DLC contacts studied here); with ho0.3 nm, the
Maugis–Dugdale model would be more appropriate.
In contrast to the results for paraboloidal tips, the work of adhesion extracted from pull-off forces of the ﬂattened tips
(n4 2) is strongly dependent on h. Zheng and Yu (2007) noted the important role that h plays in determining the expected
pull-off force for tips with power-law shapes, thus the results presented here are not surprising. The adhesion range, h, is
difﬁcult to measure experimentally, and, perhaps more signiﬁcantly, its physical meaning depends on the exact form of the
adhesion potential, which is also difﬁcult to measure experimentally. A common assumption is to take h to be on the order
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of the equilibrium spacing between strongly bonded atoms ( 0.3–0.5 nm) (Gao and Yao, 2004; Persson, 2003). However,
this may not be accurate when considering the multiple adhesive interactions between surfaces (including van der Waals
attraction, capillary forces, and electrostatic attractions).
For the purpose of understanding and interpreting the data presented in Fig. 3, we assume that the work of adhesion is
constant over the course of the wear test, and we determine the work of adhesion from the measurements on initial
paraboloidal-shaped tips since a precise value of h is not required when n ¼2. Our assumption of a constant work of
adhesion is supported by: (1) the TEM observations that the material present at the tip apexes (either DLC or SiOx) remains
the same throughout the wear test and (2) previous experimental results that demonstrated the consistency of WA for
similar material pairs under similar sliding conditions (Liu et al., 2010b). The h for the adhesion interaction can be
estimated by determining the value of h for each tip that yields a constant work of adhesion for the different worn
geometries. Graphically, this corresponds to where the curves intersect each other in Fig. 3b and d. For both the DLC
(Fig. 3b) and Si (Fig. 3d) tips, the adhesion range, h, is within the range of 4–5 nm. This is much larger than the commonly
assumed h values of 0.2–0.5 nm (i.e., short-range atomic bond distances). As mentioned above and reported in the
literature (Leite and Herrmann, 2005), adhesion ranges on the order of nanometers are physically possible. For example,
longer range electrostatic and van der Waals forces can be signiﬁcant at separation distances of several nanometers
(Cappella et al., 2005; Leite and Herrmann, 2005), and forces between hydrophobic surfaces have been measured out to
separation distances of 5–100 nm (Lin et al., 2005). The large adhesion range determined here could also be due to the use
of an idealized model that does not capture the atomic details of the tip, for example the atomic-scale roughness. Further
study is certainly needed to fully understand the physical origins of these observed long-range interactions. These results
do, however, make it clear that knowledge of the adhesion range is essential when interpreting pull-off force
measurements of non-paraboloidal tips.
4.2. Dugdale analysis of power-law-shaped tips
The Dugdale adhesion interaction assumed in the analytical M–D-n model is among the simplest interactions one can
consider when analyzing tip-sample contacts. Here, we compare the results of three different analyses of pull-off force that
assume a Dugdale traction-separation law: (1) the M–D-n model (Section 3.1), (2) the rigid approximation (Section 3.2,
Eq. (12)), and (3) the FE-model (Section 3.3).
Fig. 4a and d shows the proﬁles of the tips considered to compare the different calculations – the geometries are
deﬁned by Eq. (2) with the values shown in the ﬁgure. Two different values for R (R¼30 nm and R¼10 nm) were chosen as
representative values that span the range of AFM tip sizes typically encountered in experiments, and the power index, n,
was varied from 2 to 5 to investigate how gradual ﬂattening of the tip can change the pull-off force. For the tips with
R ¼30 nm, S¼1 was chosen to set the slopes of all proﬁles equal to one another at a height 15 nm above the apex of the
n ¼2 proﬁle. For the tips with R¼10 nm, S¼2 was chosen to set the slopes of the proﬁles equal to one another at a height of
20 nm above the apex of the n¼2 proﬁle. In all cases, the work of adhesion was taken as 0.1 mJ/m2, and the adhesion range
was varied from 0.3 to 6 nm. The FE results (denoted as FP-FE Dug), the rigid approximation of pull-off force, FP-r Dug, and the
M–D-n model (denoted as FP-M–D-n) were compared over a range of h values.
Excellent agreement was found between the FE results and the M–D-n analytical solution for all cases studied (Fig. 4b
and e). There is o3.5% error between FP-FE Dug and FP-M-D-n across the h, n, and (R, S) values tested, thus verifying the FE
modeling approach. The results in Fig. 4 also show that the rigid approximation, FP-r Dug, is in very good agreement with the
pull-off forces predicted by the M–D-n and FE models. The error between FP-M-D-n and FP-r Dug is o3.5%, with the error only
exceeding 2% when ho0.4 nm (Fig. 4c and f). This observation indicates that for many practical cases, the simple analytical
rigid approximation may be sufﬁcient to analyze experimental data.
To further facilitate the identiﬁcation of situations in which the rigid solution can be used instead of the full M–D-n
solution, we present a map (Fig. 5) to determine whether or not the simple rigid approximation provides an accurate
relationship between the pull-off force and the work of adhesion. The map was generated by comparing Fp values
calculated using both the M–D-n model and the rigid approximation (Eq. 12) over a wide range of experimentally relevant
values of the non-dimensional ratios R/h and s/En. The region in which the rigid approximation is valid (denoted as the
rigid regime) is deﬁned as the situations in which the percent difference between FP-M-D-n and FP-r Dug is less than 5%. When
plotted as R/h versus s/En on a log–log scale, the boundaries of the rigid regime are straight lines, and there is a separate set
of boundaries for each unique value of n. The generalized transition parameter, L, deﬁned in Eq. (8), is constant along each
boundary line. A second-order polynomial ﬁt (R2 ¼0.9999) that gives Lboundary (n) as a function of n is

Lboundary ðnÞ ¼ 0:002194 n2 þ 0:067185 n þ0:022056:

ð13Þ

If the value of L for the experimental case is less than Lboundary then the rigid approximation can be used. The
boundaries are found to cross one another and are within one decade of each other for both the ordinate and abscissa of
the plot, meaning the dependence of the boundary on n is not dramatic.
Four example cases (black circle and square markers) are plotted along with the boundaries on the map in Fig. 5 to
demonstrate how experimental results can be visualized on the map. The parameters chosen to represent experimentally
reasonable conditions in the four cases were En ¼78 GPa (E1 ¼E2 ¼150 GPa, n1 ¼ n2 ¼0.2), R¼10 and 40 nm (S¼ 1), and
WA ¼0.1 and 1 J/m2. Example values of h were chosen to be 4, 3, 2, 1, and 0.3 nm. As shown in Fig. 5, when WA ¼0.1 J/m2,
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Fig. 4. (a) Proﬁles of representative power-law tips considered, all with R ¼30 nm. (b) M–D-n results (solid line) compared to the FE results (squares) and
the rigid results (dashed line) for pull-off force as a function of adhesion range for the tip shapes shown in (a). Percent difference between the M-D-n
results and the rigid results in (b). (d) Proﬁles of representative power-law tips considered, all with R ¼10 nm. (e) M–D-n results compared to the FE
results and the rigid results for pull-off force as a function of adhesion range for the tip shapes shown in (d). Percent difference between the M-D-n
results and the rigid results in (e).
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tip is valid. Black lines show four example cases that demonstrate how the location on the map changes as h decreases when R, WA, and En are assumed to
be constant.

the rigid approximation is valid for all values of h shown when the tip is paraboloidal (i.e., n ¼2). With WA ¼0.1 J/m2 and
n 42, the rigid approximation fails to be valid when ho0.4 nm for R¼40 nm. When WA ¼1 J/m2, the rigid approximation
fails to be valid for a larger range of h values (for example, when ho1.6 nm for R¼ 40 nm and when ho0.9 nm for
R¼10 nm).
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Fig. 6. Plots of the Dugdale, Lennard–Jones, and two triangular (denoted Tri1 and Tri2) interaction potentials considered.

For a given experimental situation, the procedure for determining whether or not the rigid approximation is valid is as
follows: (1) measure Fp, R, En, and n; (2) solve Eq. (12) to determine WA as a function of the unknown h; (3) calculate s0 as a
function of h using Eq. (3); (4) calculate the value of the generalized transition parameter, L, as a function of h using Eq.
(8); and ﬁnally (5) using Eq. (13), determine the range of h values over which the L o Lboundary(n). If the solution is valid
for a value of h that is reasonable for the given experimental condition, then the rigid approximation can be used to
calculate WA using the measured Fp.
4.3. Effect of the form of the interaction potential
The Dugdale interaction model is a useful simpliﬁcation that allows for a full analytical solution to the adhesive
contact-mechanics problem for a tip contacting a surface (Maugis, 1992). In the previous sections it was shown, as
previously described (Zheng and Yu, 2007), that once the tip geometry deviates from a paraboloid, the pull-off force
depends not only on the tip geometry and work of adhesion, but also strongly on the adhesion range, h. Here we consider
other types of adhesive interaction potentials and investigate the effect of the form of the potential on the pull-off force of
paraboloidal and power-law-shaped tips.
Three traction-separation laws, a Lennard–Jones potential and two triangular potentials (Fig. 6), were examined. The
Lennard–Jones (L–J) potential that describes the adhesive stress acting between two surfaces is


8W A z0 9 z0 3
sðdÞ ¼

,
ð14Þ
3z0
d
d
where s is the adhesive stress, z0 is the equilibrium separation distance at which the adhesive stress is zero, and d is the
separation between two surfaces (Greenwood, 2009). This ‘3–9’ L–J potential deﬁnes the adhesive stress between two
surfaces and is determined by integrating the common ‘6–12’ particle–particle potential over two half spaces (Muller et al.,
1980). The L–J potential is related to the Dugdale potential here through two simultaneous conditions: (1) by setting
s0 ¼ smax , where s0 is the constant stress in Dugdale law and, smax is the maximum attractive stress in L–J potential; and
(2) by setting WA, Dug ¼WA, L–J, where WA, Dug is the area under the Dugdale curve, and WA, L–J is the area under the
attractive portion of the L–J curve. As a result, the equilibrium separation of the L–J potential becomes z0 ¼ h/0.974. Using
this relation, for a given value of h the Dugdale and L–J potentials exhibit the same maximum stress and the same work
of adhesion values, although the L–J potential extends out to inﬁnity, while the Dugdale potential becomes zero at d¼h
(see Fig. 6).
Triangular-shaped traction-separation laws are commonly used in cohesive-zone modeling for the study of interfacial
fracture (e.g., Camanho et al., 2003; Waas and De, 2006), and here we investigate two different forms. The two triangular
interactions considered have the same work of adhesion, WA,, but different maximum stress values. In the ﬁrst case
(denoted Tri1), the adhesion range, h, is matched to that of the Dugdale interaction, and thus the maximum adhesive
stress, smax, is twice that of the Dugdale interaction. For the second case (denoted Tri2), the maximum stress value was
matched to that of the Dugdale interaction (namely, smax ¼ s0), and therefore the adhesive forces extend to 2h (Fig. 6). Note
that in the following discussion, consistent with the previous discussion and Fig. 6, h is deﬁned as the adhesion range for
the Dugdale model. Thus for Tri1, h corresponds to the separation distance beyond which the adhesive stress is zero,
whereas for Tri2 the value of the adhesion stress at a separation of h is equal to smax.
The FE-calculated pull-off forces for the three interactions discussed above (L–J, Tri1, and Tri2) were compared to the
M–D-n solution as a function of adhesion range (Fig. 7) for the two tip geometries deﬁned previously in Fig. 4a and d. For
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Fig. 7. (a) Comparison between the analytical M–D-n results (solid line), the FE results for Tri1 (up triangle), Tri2 (down triangle), and Lennard–Jones
(circles) potentials, and the rigid results (dashed line) with R¼ 30 nm. (b) Percent difference between the FE results and the rigid results in (a).
(c) Comparison between the analytical M–D-n results (solid line), the FE results for Tri1 (up triangle), Tri2 (down triangle), and Lennard–Jones (circles)
potentials, and the rigid results (dashed line) with R¼ 10 nm. (d) Percent difference between the FE results and the rigid results in (c).

n ¼2, there is very close agreement between the pull-off forces calculated with M–D-n solution and the three FE models
with different interaction potentials. However, when n 42, the pull-off forces differ appreciably with the form of the
traction law (Fig. 7a and c). For example, for n¼5, the results for FP using the Tri1 potential are 17% larger than those for FPM-D-n, and the results for FP using the Tri2 potential are 23% smaller than those for FP-M-D-n. This highlights the signiﬁcant
inﬂuence that the interaction law has on the relationship between the work of adhesion and the pull-off force when the tip
deviates from a paraboloidal shape.
Pull-off forces were also calculated using the assumption that the tip is rigid, FP-r, through direct integration of the three
interaction potentials (L–J, Tri1, and Tri2); these results are plotted as dashed lines in Fig. 7a and c. Direct integration of the
triangular interaction laws yields closed-form analytical solutions,3 while the pull-off force for the L–J interaction case was
determined via numerical integration. The rigid-limit pull-off forces are in excellent agreement with the FE results for a
wide range of h values (Fig. 7b and d) for the cases examined. The percent error between the rigid results and the FE results
is no larger than 8%, with the percent error only exceeding 5% for the case of Tri1 with an adhesion range of 0.3 nm (Fig. 7b
and d). These results again demonstrate that for a range of typical AFM contact conditions between stiff materials, the
rigid-limit approximation provides a simple and effective means to interpret pull-off force measurements.
The rigid-limit approximation was used to further assess the inﬂuence of the form of the interaction potential on the
pull-off force. Fig. 8 compares the rigid-limit results for the L–J and two triangular interaction potentials with the rigid
Dudgale results. The results in Fig. 8 are independent of h and tip size (R and S), and are only a function of the power index,
n. For the L–J and Tri1 interactions, the calculated pull-off forces are smaller than those calculated for the Dugdale
interaction when n increases initially beyond 2, but converge eventually to FP-r Dug when n becomes large (i.e., when the tip
becomes ﬂat). For the Tri2 interaction, the pull-off force is slightly smaller than the Dugdale pull-off force for 2on o3, but
becomes larger than the Dugdale pull-off force for n43, converging eventually to 2FP-r Dug when n becomes large. Thus in

2

3

F Pr,tri1 ¼

22ð2=nÞ n1 þ ð2=nÞ W A pðhRn1 =ð22=n 1ÞÞ2=n
ð2 þ nÞh

,

F Pr,tri2 ¼



2n1 þ n W A p

2n

hRn1
22=n 1

ð2 þ nÞh
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Table 1
Comparison of the adhesion range, h, calculated with different interaction potentials.
Adhesion range

hDLC-DLC (nm)
hSi-DLC (nm)

Potential
Dugdale

L–J

Tri1

Tri2

4.5–4.8
4.2–4.9

5.6–6.2
5.3–6.6

5.3–6.4
5.4–5.8

5.3–6.4
5.4–5.8

the simpliﬁed case of a rigid tip and surface, WA governs the value of the pull-off force when the tip is paraboloidal in shape,
and the maximum stress of the interaction potential determines the value of the pull-off force when the tip is ﬂat (n-N).
The pull-off force for tips with intermediate values of n depends on WA, s0, and the shape of the potential. The direct
dependence of FP on s0 for ﬂat, rigid tips can be understood by recognizing that the pull-off force for a ﬂat tip is equal to
the maximum stress of the interaction potential multiplied by the area of the ﬂat part of the tip. We note that in many
previous fracture mechanics studies using traction-separation laws, the shape of the potential has been shown not to be
particularly important; the fracture behavior is governed primarily by WA and s0 alone (e.g., Tvergaard and Hutchinson,
1992). In the present results, WA and s0 are signiﬁcant parameters, but the shape of the potential also has an effect. There
are important differences, however, between the study here and previous fracture mechanics studies: (1) the work here
examines a limiting case where elastic deformation is severely limited or absent completely and (2) the higher-index tipshapes examined have relatively steep proﬁles compared to the planar cracks typically examined in fracture mechanics
problems. Both of these differences likely increase the importance of the shape of the potential in determining the
behavior of the system and may explain the difference between the current results and previous fracture studies.
The analysis of experimental data in Section 3 to determine the adhesion range from measurements was repeated using
the rigid results for the L–J, Tri1, and Tri2 interactions – the results are summarized in Table 1. By using the work of
adhesion calculated from the paraboloid (n ¼2) tip as the reference, effective adhesion ranges were again calculated.
Compared to the results of h¼4–5 nm from the Dugdale analysis, the adhesion ranges for the L–J, Tri1 and Tri2 interactions
(considering the adhesion range for Tri2 to be the full range 2h here) are  20% larger for both DLC and Si tips, in the range
of 5.5–6.5 nm. This again highlights the important role that the tip shape and the form of the interaction potential have on
the analysis and interpretation of experimental pull-off force measurements. Therefore, although the M–D-n model
provides a useful, comprehensive framework for analyzing a wide range of realistic tip geometries, the assumption of a
Dugdale traction-separation law may still result in errors in interpreting experimental pull-off-force measurements.
Determining the most-accurate form of the interaction potential remains a challenge.

5. Conclusions
We have demonstrated and discussed techniques for analyzing AFM pull-off force measurements from tips that have a
shape described by a power-law function. FE modeling results are in good agreement with the analytical M–D-n solution of
Zheng and Yu (2007) and allowed the analysis to be extended to more complex interaction potentials. We also introduced
a simple rigid approximation for the pull-off force and developed a map in (R/h, s0/En) space that delineates the cases in
which the simpliﬁed analysis can be applied to quantify experimentally measured adhesion behavior. We ﬁnd that rigid
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approximations apply quite well for relating the pull-off force to the adhesion parameters over a wide range of AFM
experimental conditions. We also investigated the impact that different forms of the adhesion potential have on the results
for the pull-off force for power-law-shaped tips. Applying the M–D-n analysis to experimental data, an adhesion range of
4–5 nm was determined for both Si and DLC-coated AFM tips that evolved into power-law shapes due to wear. When
using more sophisticated interaction potentials (e.g., a Lennard–Jones potential and triangular potentials), an adhesion
range of 5.5–6.5 nm was determined. These values are all signiﬁcantly higher than the typically assumed values of less
than 1 nm (corresponding to the equilibrium separations for strong atomic bonds), but are physically reasonable
considering other possible sources of interfacial adhesion.
These results demonstrate a unique route to quantitatively extract work of adhesion and the adhesion range from
experimental measurements of pull-off forces using recently developed contact-mechanics models of power-law shaped
tips. A key ﬁnding for experimentalists to keep in mind is that pull-off forces for power-law shaped tips with exponents
greater than two (i.e., non-paraboloidal tips) depend on the adhesion range and, to a lesser extent, the form of the
interaction potential. This behavior is considerably different from the more familiar paraboloid case (e.g., DMT, JKR) in
which the pull-off force is weakly dependent on the adhesion range and is largely independent of the form of the
interaction potential.
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