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Observation of proportionality between friction and contact area
at the nanometer scale
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The nanotribological properties of a hydrogen-terminated diamond(111)/tungsten-carbide interface have been studied using ultra-high
vacuum atomic force microscopy. Both friction and local contact conductance were measured as a function of applied load. The contact
conductance experiments provide a direct and independent way of determining the contact area between the conductive tungsten-carbide
AFM tip and the doped diamond sample. We demonstrate that the friction force is directly proportional to the real area of contact at
the nanometer-scale. Furthermore, the relation between the contact area and load for this extremely hard heterocontact is found to be in
excellent agreement with the Derjaguin–Müller–Toporov continuum mechanics model.
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1. Introduction

According to the classical law of friction, the friction
force between two bodies in motion is proportional to the
applied load and independent of the apparent area of con-
tact [1]. However, a macroscopic contact between two ap-
parently flat solid surfaces consists in practice of a large
number of micro-contacts between the asperities that are
present on both contacting surfaces. The classical law of
friction, which cannot be understood or deduced from first
principles, is the result of many complex phenomena at
the interface, in particular the specific interactions between
contacting asperities, and the corresponding deformations
of these asperities [2]. Although macroscopic tribologi-
cal research can provide important empirical information
about the frictional behavior of materials, it cannot ex-
plain friction at a fundamental level. Only detailed studies
of friction at a single-asperity contact, under well-defined
conditions and with nanometer-scale or even atomic-scale
resolution, can result in an understanding of friction at a
fundamental level. Recent ultra-high vacuum atomic force
microscopy (UHV-AFM) experiments indicate that friction
is proportional to the contact area for a nanometer-sized
single-asperity contact [3–6]. In some of these studies,
the contact area was not directly measured but instead
derived from continuum mechanics models, although, as
discussed further below, it is generally not clear a pri-
ori which model is valid for a specific combination of
materials. As well, most of these experiments were per-
formed on layered materials, where it is unclear whether
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continuum mechanics models can be used quantitatively.
Nevertheless, the continuum mechanics models generally
provided convincing fits to the data. Carpick et al. [3]
performed experiments on muscovite mica and found that
friction was proportional to the contact area as described
by the Johnson–Kendall–Roberts (JKR) model [7]. Exper-
iments by Lantz et al. [4] on NbSe2 and graphite resulted
in a relation between friction and contact area as described
by the Maugis–Dugdale (MD) model [8]. Only one obser-
vation of the Derjaguin–Müller–Toporov (DMT) model [9]
has been reported so far by Enachescu et al. [5] for an ex-
tremely hard heterocontact, involving stiff materials with
low adhesive forces, i.e., a tungsten-carbide AFM tip in
contact with a hydrogen-terminated diamond(111) sample.
Both diamond and tungsten carbide are extremely stiff,
non-layered materials. Furthermore, hydrogen passivates
the diamond surface while carbides are generally quite in-
ert.

In this paper, we discuss the results of a nanotribologi-
cal study of a hydrogen-terminated diamond(111)/tungsten-
carbide single asperity interface using UHV-AFM. Since
the diamond sample is slightly boron-doped and the
tungsten-carbide tip is conductive, we are able to meas-
ure the local contact conductance as a function of applied
load. These experiments provide an independent way of
determining the contact area, which can be directly com-
pared to the corresponding friction force. Diamond and
diamond-like films are important coating materials used
in a wide variety of tools, hard disks, micro-machines,
and aerospace applications. For micro-machine and hard-
disk applications in particular, the nanotribological prop-
erties are of great importance [10]. Similarly, tungsten
carbide plays an important role in several types of hard
coatings [11].
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2. Theoretical background

The indication of recent AFM [3–6] and surface forces
apparatus [12] experiments is that the friction force Ff

varies with the applied load L in proportion to the tip–
sample contact area A. Thus, Ff = τA, where τ is the
shear strength, a fundamental interfacial property. In most
cases, the relation between A and L is deduced from elas-
tic continuum mechanics models, assuming a sphere (tip)
in contact with a flat plane (sample) [13]. However, the
correct relation between A and L not only depends on the
exact geometry but also upon the strength of the adhesive
forces compared to the elastic deformations [8,14–16].

The JKR and DMT models mentioned above have been
deduced for two extreme cases, namely for compliant ma-
terials with strong, short-range adhesive forces and for
stiff materials with small, long-range adhesive forces, re-
spectively. The empirical nondimensional parameter µ =
(Rγ2/E∗2z3

0)1/3 can be used to determine which of the two
continuum mechanics models is most appropriate [15]. In
this expression, R is the sphere radius, γ is the work per
unit area required to separate tip and surface from contact to
infinity, and E∗ is a combined elastic modulus, given by the
equationE∗ = [(1−ν2

1 )/E1+(1−ν2
2 )/E2]−1, where E1 and

E2 are the Young’s moduli, and ν1 and ν2 are the Poisson’s
ratios of the sphere and plane, respectively. Finally, z0 rep-
resents the equilibrium spacing for the interaction poten-
tial of the surfaces. If µ > 5, the JKR theory should be
valid, while for µ < 0.1, the DMT theory should describe
the relation between A and L [15,16]. Neither the JKR
nor the DMT limit is appropriate for the intermediate cases
(0.1 < µ < 5). As discussed by Greenwood [16], it is diffi-
cult to calculate the exact area of contact for the continuum
problem. Greenwood obtained a numerical solution using
a Lennard-Jones potential and defined the contact edge as
the point of maximum adhesive stress. Greenwood’s so-
lution closely resembles the Maugis–Dugdale model. In
both cases, the variation of contact area with load then ap-
pears very close to the shape of the JKR curve for values
of µ > 0.5. However, the JKR equation does not cor-
rectly predict the actual contact area, pull-off force, and
thus the adhesion energy, unless µ > 5. Therefore, while
a measurement of contact area versus load may resemble a
JKR curve, quantitative analysis would be uncertain, as it
would highly depend on a specific model for the tip–sample
interaction potential.

In the case of the DMT model (µ < 0.1), the contact
area A varies with the applied load L in a simple fashion:

A = π
R2/3

K2/3
(L+ 2πγR)2/3,

where K = 4
3E
∗. The pull-off force or critical load Lc is

given by Lc = −2πγR. The value of Lc can be obtained
from AFM approach/retract displacements of the cantilever
and sample, by measuring the (negative) normal force re-
quired to separate tip and sample. We note that the contact
area goes to zero at pull-off, in contrast to the JKR model.

The contact radius in AFM experiments is generally in
the nanometer range and, consequently, much smaller than
the electronic mean free path. In this limit, the contact
conductance becomes directly proportional to the contact
area, as described by Sharvin’s equation for metallic con-
tacts [17]: G = 3πa2/4ρl, where ρ is the resistivity, l is the
mean free path of the conduction electrons, and a is the ra-
dius of the contact. We stress that this equation is only valid
for nanometer-sized contacts, where l� a. The linear rela-
tionship between the contact conductance and contact area
is true whether the junction is ohmic, semiconductor-like,
etc. For instance, in the case of a metal/semiconductor
contact [18], which matches our tip–sample interface, the
current is directly proportional to the area of contact, con-
sidering a constant metal/semiconductor barrier height and
a constant temperature during the experiments. We do not
expect to observe the current to change step-wise with load,
i.e., the well-known phenomena of quantized conductance
occurring at contacts consisting of only a few atoms [19],
since in our experiments the contact area will contain too
many atoms.

3. Experimental

The experiments were performed in an UHV chamber
(base pressure 7 × 10−11 Torr), since even in moderately
evacuated chambers the residual oxygen and water vapor
may combine with the sliding action to catalyze a phase
change on diamond [20]. The UHV chamber is equipped
with a home-built AFM [21], low-energy electron diffrac-
tion (LEED), and Auger electron spectroscopy (AES). The
sample is an artificial type IIb diamond(111) single crys-
tal, which is terminated with hydrogen and slightly boron-
doped. The cleaning procedure used, as well as the single-
crystal quality, are described in more detail by van den
Oetelaar et al. [22]. Figure 1 shows the LEED pattern taken
after the cleaning procedure. This clear (1× 1) LEED pat-

Figure 1. Our cleaning procedure gave rise to a clear hydrogen-terminated
diamond(111)-(1 × 1) surface, as shown in this LEED pattern.
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tern supports the fact that we have a hydrogen-terminated
diamond(111)-(1× 1) surface.

Triangular silicon cantilevers with integrated tips, coated
with approximately 20 nm tungsten carbide [23], were
used for all measurements. The tips were characterized
by scanning electron microscopy (SEM) and AES. Two
types of cantilevers were used, with a spring constant of 88
and 0.23 N/m, respectively. The former cantilever was used
for conductance measurements while the latter one was used
for friction measurements. The tips were cleaned in UHV
immediately prior to the measurements, by applying short
voltage pulses and/or by rubbing them on the surface. Nor-
mal cantilever force constants were taken from the manu-
facturer, and the normal/lateral force ratio was calculated
using the method described by Ogletree et al. [24]. The
absolute accuracy of the forces measured is limited due
to significant uncertainty in the material properties of the
cantilever and approximations used in the force constant
calculations. However, relative changes in friction could
be accurately determined by using the same cantilever and
tip during a series of measurements. A flexible I−V con-
verter, allowing current measurements spanning the range
from pA to mA, was designed and built.

Friction versus load data were acquired by scanning the
AFM tip repeatedly back and forth over the same line on
the surface, while linearly increasing or decreasing the ex-
ternally applied load. The value of the friction force at
a given load is half of the difference between the signals
while scanning from left to right, and right to left, respec-
tively [3,25].

4. Results

All of the results presented in this Letter were obtained
on a hydrogen-terminated diamond(111) sample, consist-
ing of atomically smooth and well-ordered islands of 150–
250 Å in diameter [5,22]. The friction and contact conduc-
tance data were acquired within the bounderies of a single
island, thus avoiding multiple-contact points.

Figure 2(a) shows a large number of I−V curves
recorded at different loads up to 1.7 µN, using an 88 N/m
cantilever. The I−V characteristics are semiconductor-like
and consistent with the p-type doping of the diamond sam-
ple. The shape of the I−V curves remains basically con-
stant at all loads, strongly indicating that the applied load
does not significantly affect the surface electronic properties
of the interface. This observation supports our assumption
that the current is proportional to the contact area.

We can now plot the load dependence of the current
at several bias voltages applied to the sample, e.g., 3, 3.5
and 4 V, as is shown in figure 2(b). The data can be fit-
ted by the DMT model, using Lc as a free parameter. The
DMT model provides an excellent fit to the measured data,
and the value of Lc deduced from the fits is in excellent
agreement with the independently measured pull-off force
of −0.1 µN, obtained from cantilever–sample retract ex-
periments for the same cantilever.

(a)

(b)

Figure 2. (a) Current measured through the tip–sample contact versus
bias voltage (I−V curves) recorded as a function of increasing load up
to 1.7 µN. (b) Current versus applied load at three different constant bias
voltages. The DMT fit is significantly better than the JKR fit, as illustrated
for a bias voltage of 4 V, also indicated by the mean square deviation of
the JKR fit, which is more than one order of magnitude worse for the

JKR fit compared to the DMT fit.

We have also tried to fit the current versus load data
using the JKR model. Treating Lc as a free parameter, the
JKR fits at all bias voltages predict a critical load which
is systematically and substantially too small compared to
the independently measured pull-off force. If we apply
the constraint Lc = −0.1 µN to the JKR fit, the resulting
fit is clearly incompatible with our data, as illustrated in
figure 2(b) for a bias voltage of 4 V. In addition, we found
from the fitting statistics that the mean square deviation
of the JKR fit is more than one order of magnitude worse
than that of the DMT fit. These local contact conductance
results clearly show that the load dependence of the contact
area for this single-asperity interface can be described by
the DMT continuum mechanics model.
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Figure 3. Hemispherical fit of the AFM-tip profile, resulting in a radius of
curvature R = 110 nm. Note the difference in vertical versus horizontal

scale.

A topographic AFM image is actually a convoluted im-
age of the tip and surface features of the sample. Usu-
ally, one requires sharp AFM tips to reveal the surface
topography, but similarly, an extremely sharp feature on
the surface can provide information about the shape of an
AFM tip [26]. To determine the radius of curvature of
the tungsten-carbide-coated tip used in our friction experi-
ments, we performed scans over the sharp edges of a faceted
SrTiO3(305) sample [27] in air. The surface is terminated
with a large number of (101) and (103) facets, which form
long sharp ridges that are suitable for tip imaging [3,24,27].
The thus obtained cross-sectional “image” of the AFM tip
actually provides an upper limit to the tip dimensions, but
this upper limit appears to be very close to the real tip di-
mensions [3]. The cross-sectional tip profile can be fitted
by a hemisphere, as is shown in figure 3, resulting in a
radius of curvature of 110 nm. Profile analysis using the
SrTiO3(305) sample was performed before and after tip–
sample contact, and no evidence of wear was discerned.

Having obtained a value for the tip radius R, we can
estimate the empirical parameter µ. Using Lc = −2πγR,
γ can be obtained from the measured pull-off force. A typ-
ical normal force versus cantilever–sample displacement
curve, during retraction of the cantilever, is shown in fig-
ure 4. The corresponding pull-off force is −7.3 nN, result-
ing in γ = 0.01 J/m2. Thus, using z0 = 2 Å, Ediamond =
1164 GPa [28], EWC = 700 GPa [29], νdiamond = 0.08 [28],
and νWC = 0.24 [29], we find that µ = 0.02. Indeed, this
value is much smaller than the DMT condition µ < 0.1 dis-
cussed above, showing that the present tip–sample contact
is firmly in the DMT regime.

Friction experiments were performed as a function of ap-
plied load using the soft lever [5]. They were reproducible
at different locations on the sample, and were obtained by
decreasing the load from 12 nN to negative loads (unload-
ing). Experiments where the load was increased (loading)

Figure 4. Typical normal force versus cantilever–sample displacement
curve, during retraction of the cantilever. The corresponding pull-off force

is −7.3 nN.

exhibited the same behavior as the unloading results, indi-
cating that the deformation of the contact is elastic for the
range of loads investigated.

Friction versus load experiments could be fitted very
well by the DMT model, while treating both γ and the
shear strength τ as free parameters [5]. The mathemati-
cal fit results in a pull-off force of −7.3 nN and a shear
strength of 238 MPa. Thus, the pull-off force predicted
by the DMT fit is in excellent agreement with the pull-
off value measured experimentally, as shown in figure 4.
The measured pull-off force actually represents an inde-
pendent verification of the DMT fit, since γ (and thus
also the pull-off force) was treated as a free parameter in
the DMT fit. Attempts to fit the JKR model to the fric-
tion versus load curves, using Lc both as a free parameter
and as a constrained parameter, produced strongly inconsis-
tent fits. Experimentally, no friction data for loads smaller
than −2 nN could be obtained due to a premature pull-
off of the tip. This premature pull-off is promoted by the
tip–sample movement during scanning and is more likely
to appear in this particular experiment due to the very low
adhesive force between the surfaces in contact.

In an attempt to learn more about the relation between
the friction force and the area of contact, we have plot-
ted the friction force versus contact area, and the result is
shown in figure 5. The friction force plotted in this fig-
ure is exactly the friction force measured during friction
versus load experiments. The contact area was calculated
using the DMT theory. The use of the DMT theory is
supported by the three previous pieces of experimental evi-
dence, namely: (i) the excellent DMT fit of the current ver-
sus load data using the stiff lever, presented in figure 2(b);
(ii) the excellent DMT prediction of the Tabor parameter,
µ < 0.1, calculated after experimental determination of the
radius of curvature R of the tip presented in figure 3, and
of the pull-off force Lc presented in figure 4; (iii) the ex-
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Figure 5. Friction force versus contact area, showing a clear linear relation.
The corresponding shear strength τ = 238 MPa.

cellent DMT fit of the friction versus load experiments and
the independent confirmation of the DMT fit by the exper-
imental value of Lc presented in figure 4. Following the
procedure suggested and supported above we found that a
linear fit is the optimum fit for our friction force versus
contact area representation in figure 5, demonstrating that,
indeed, Ff = τA. Consistently, this free linear fit intercepts
the origin, and the slope is a measure of the shear strength.
We find that the shear strength τ = 238 MPa, a value which
lies within the typical range for AFM experiments [30].

So, in contrast to the macroscopic law of friction, the
friction force at the interface of a single asperity is directly
proportional to the contact area. Furthermore, since friction
does not depend linearly upon the applied load for a single-
asperity contact, one should be careful defining a friction
coefficient, i.e., the friction force divided by the normal
force, in AFM experiments, as its value varies with load.

The constant shear strength that we observe indicates
that the mechanism of energy dissipation for this system
does not change in this pressure range. Thus, the in-
crease in friction with load is attributable to the increase
in contact area, i.e., more atoms in contact, as opposed to
a change in the frictional dissipation per interfacial atom.
This may not be so surprising given that the nominal stress
is only increasing as roughly L1/3 (from the continuum
mechanics models). The most likely mechanism of energy
dissipation is thermalization of phonons generated at the
contact zone during sliding. New modes of energy dissi-
pation, resulting from inelastic processes, may activate at
higher stresses [30]. For example, evidence of tip-induced
atomic-scale wear has been reported for alkali-halide mate-
rials [31]. Pressure-activated modes of energy dissipation
are reported in organic thin films due to progressive mo-
lecular deformation [32]. These examples represent stress-
dependent increases in the number of energy dissipation
channels and are therefore manifested in increases in the

shear strength compared with purely elastic, wearless fric-
tion.

Finally, we comment on the relative magnitude of the
observed shear strength. The theoretical prediction for the
shear strength of a crystalline material in the absence of
dislocations is roughly given by G/30 [33], where G is
the shear modulus. We can define an “effective” interfacial
shear modulus Geff = 2GWCGdiamond/(GWC + Gdiamond) ≈
380 GPa. This gives, for the diamond/tungsten-carbide con-
tact, τ ≈ Geff/1600. The shear strength of this system is
thus far below the ideal material shear strength [34,35].
Previous AFM results of Carpick et al. [3,6] and Lantz
et al. [4] observed shear strengths near the ideal limit. An
ideal shear strength in the range of G/30 suggests a “crys-
talline” or commensurate interface that is free of disloca-
tions, where the commensurability may be brought about
by atomic displacements induced by interfacial forces. Our
measured shear strength indicates that there may be very
little atomic commensurability for the diamond/tungsten-
carbide interface, which is plausible considering the high
stiffness of these materials. More importantly, the hydro-
gen passivation of the diamond surface strongly reduces
the adhesive force, and also the friction force. In fact, re-
moval of the hydrogen passivation would result in a value
for the shear strength which is much larger than the ideal
theoretical prediction of G/30 [22].

5. Conclusion

In conclusion, we have studied the nanotribologi-
cal behavior of a well-defined hydrogen-terminated dia-
mond(111)/tungsten-carbide single-asperity contact in UHV
as a function of applied load. Local contact conductance
measurements showed no significant changes in the shape
of I−V curves for loads up to 1.7 µN, as expected from the
proportionality between the current and the contact area,
which provided us with a direct and independent way of
measuring the area of contact. Current (contact area) ver-
sus load data for a variety of bias voltages could excellently
be fitted by the DMT model, which is in agreement with the
finding that µ = 0.02 < 0.1. Using the DMT relation for
contact area versus load, we found that for this ideal single-
asperity contact, i.e., one of the hardest, stiffest known het-
erocontacts, involving materials of great tribological impor-
tance, friction is directly proportional to the contact area:
Ff = τA, where τ = 238 MPa for loads up to 12 nN.
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